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Abstract. An inverse problem of determination of a coefficient in an elliptic equation is considered.
This problem is ill-posed in the sense of Hadamard and Tikhonov’s regularization method is used for
solving it in a stable way. This method requires globally solving nonconvex optimization problems,
the solution methods for which have been very little studied in the inverse problems community. It is
proved that the objective function of the corresponding optimization problem for our inverse problem
can be represented as the difference of two convex functions (d.c. functions), and the difference of
convex functions algorithm (DCA) in combination with a branch-and-bound technique can be used
to globally solve it. Numerical examples are presented which show the efficiency of the method.
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1. Introduction

Inverse problems for differential equations are frequently encounted in science,
engineering, geophysics, medicine, etc. Following J.B. Keller [12], “we call two
problems inver se of one another if the formulation of each involves all or part of
the solution of the other. Often, for historical reasons, one of the two problems has
been extensively studied for some time, while the other is newer and not so well
understood. In such cases, the former is called the direct problem, while the latter
is called the inverse problem”. For references on inverse problems we refer the
reader to Bui [1], Groetsch [9], Isakov [11], Engl et al [5], Tikhonov et al [28] and
the references therein.

Let 2 be a bounded domain in R” (n = 1, 2, 3). Consider the boundary value
problem

—Au+cu=f InQ
u=g on 0g2. (1)
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Traditionally, in this problem the functions c, f, g are given and « is to be found,
this is the direct problem. With appropriate conditions on €2, ¢, f and g there is a
unique solution of (1) (see Section 2) and it is well-posed in the sense of Hadamard.
In this paper we consider the inverse problem of determination of the coefficient
c(x) from u given in the whole domain €.

Inverse problems are sometimes non-linear (the above inverse problem is non-
linear) and mainly ill-posed. The last means that (1) inverse problems might not
have a solution in some sense, (2) if there is a solution, it might not be unique, (3)
and/or might not continuously depend on the data. The instability of the solution
with respect to the data makes severe difficulties, as a small error in the data may
cause dramatically large errors in the solution. The classical numerical methods
for well-posed problems are no more applicable to ill-posed problems, the new
appropriate ones (regularization methods) are required. For references on such
methods, again we refer the reader to Isakov [11], Engl et al. [5], Tikhonov et
al. [28] and the references therein.

One of the most popular methods for solving ill-posed problems is Tikhonov’s
regularization method. As the inverse problem of determination of ¢ from u is
ill-posed (see Section 2 below), we have to use a regularization method for it. Let
z € L?(2) be an observation for u. One of the variants of Tikhonov’s regularization
method for our inverse problem has the form

. 1 o .
min {Ja@ =S lu(©) = 2l + S ILe =M}, c € c.} &)

Here « > 0 is the Tikhonov regularization parameter which has to be determ-
ined from the noisy data z and noise level ¢, C is the domain in which ¢ lives,
c* plays the role of a selection criterion or a guess for the unknown ¢, L and
Y are some appropriate operator and space, respectively. (For more details, see
Section 2). The solution of the problem (2) is stable with respect to the noise level
in z, and if « is chosen properly with respect to the noise level ¢, it can be proved
that the solution of the problem (2) converges to the exact solution of our inverse
problem as the noise level tends to zero (see Engl et al. [5, 8]). However, one
of the main problems of Tikhonov regularization method, how to solve the non-
linear optimization problem (2), has been very little studied in the inverse problems
community. If one cannot find a global solution of (2), the regularization method
of Tikhonov does not seem to work. The main purpose of this paper is to fill this
gap in the literature.

Our motivation comes from the fact that the functional J,(x) is a d.c. one. It
means that it can be represented as the difference of two convex functions. There-
fore, we can consider (2) as a d.c. program. One of the most efficient and robust
algorithms for large scale d.c. programming is the difference of convex functions
algorithm (DCA) suggested by Pham Dinh Tao [22, 23] (see also [15, 18, 24, 25]).
DCA is an iterative method which solves, at each iteration, a convex subproblem.
The main idea of this algorithm is to work with convex programs which approx-
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imate the primal and dual problems, via the d.c. duality. Since DCA is a local
method for nonconvex optimization problems, in general, we should combine it
with some other techniques to find global solutions of the problem (2). We shall
use the branch-and-bound technique for this purpose in this paper.

In the next section we shall study the inverse problem of determining the coef-
ficient ¢ from the observation z of . We shall prove that this problem is ill-posed,
and the functional (2) is d.c. In Section 3 we shall outline DCA and branch-and-
bound techniques for (2). Finally, in Section 4 a numerical example is presented.

This paper is the second one of our work on applying the techniques of d.c.
programming to non-linear ill-posed problems (see [20, 21]).

2. Inverse problem

Let © be a bounded domain in R"(n = 1,2,3). Forn = 1 we set @ = (0, 1).
For n = 2, 3 we suppose that €2 is a sphere, a sphere shell, a parallelepiped, or a
domain that can be transformed into one of these domains by a regular mapping
y = y(x) € C%(Q) (see [14, p. 74]). Consider the boundary value problem

—Au+cu=f InQ
u=g on 92, )

where f and g are functions in L?(Q2) and H%?(3<), respectively. We suppose
that ¢ € C, where

C={cel?N),0<c <clx) <cp <ooae),

c1, ¢y are given positive numbers.

We note that with these assumptions there exists a unique solution u € H?()
of the problem (3). Further, there exists a constant k that depends only on € and ¢,
such that

lull g2y < kU fllL2) + 18 la3200)- (4)
In what follows for short we set
R = fllr2) + gl u3r2p0)-

Now we consider the inverse problem (we call it (IP)) of determining the coef-
ficient c(x) from a noisy observation z € L?(R2) of u:

lz —ullL2@ < €. (5)

(The number ¢ is called the noise level.) This problem is ill-posed as the following
example shows.
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EXAMPLE . Consider the direct problem

— Uy (X)) +cxux)=f, O0<x <m,

6
(O = g1 u(r) = g, ©)

Suppose that 0 < ¢1 < c¢(x) < ¢z, f € L?(0, ). Then there is a unique
solution u to this problem. We choose g1, g2 and f in such a way that u > 1, or
simple prescribe # > 1 and then choose g1, g» and f. Let now u be inexactly given
by u€ and ¢ be found from u€. For example, let

u¢(x) =u(x) +esin(nx), 0<e<l1.
Then we can verify that

(%) + e (x) — n?esin(nx)

c(x) = -
u(x) + esin(nx)

is a solution of the inverse problem with respect to the data u€.
We observe that

esin(nx) , €sin(nx)
- n - .
u + e sin(nx) u + e sin(nx)

c—c"=c

Take, for example, x = 7/2,n =2m + 1. Sinceu > 1,0 < € < 1,

L em+1)?
u-+e€ u-+e€

c—c"=c — 00, aSm —> 00.
Thus, although the noise level ¢ in the data is small, the errors in the solution of the
inverse problem are arbitrary large. The problem is ill-posed!

A natural way to solving the inverse problem (IP) is to minimize the output least
squares functional

1 2
J(C) = E”l’t(c) - Z”LZ(Q)
over C. However, since (IP) is ill-posed, this variational problem has the same
nature. Tikhonov’s regularization method should therefore be used. Namely, we
minimize the regularized functional

o
Jy(c) == J(c) + Ellc - C*”iZ(Q) 0

over C. Here c* € L*°(2) is a guess for ¢ or a selection for c. As it has been proved
in Chavent and Kunisch [2], Engl et al. [8], if we choose a = /e, then as € tends
to zero the solution of (7) tends to the solution of (IP) which is nearest ¢*. There are
many other methods of choosing the regularization parameter « to guarantee this
convergence property, see, e.g., Engl et al. [5], Kunisch and Ring [13], Tikhonov
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et al. [28], however in this paper we use this method only, as our main aim is to
suggest a method for globally solving (7).

Now we study some properties of the functional J. The nonlinear mapping
F : D(F) C L?(Q) — H?(Q) is defined as the parameter-to-solution mapping

F(c) = u(o),
with u(c) being the solution of (3) and, with some € > 0,
D(F) :={c € LX) : |lc — ¢ < é for some ¢ € U}.

Following [3, 4] it can be proved that F : L?(Q) — H?(R) is twice continu-
ously Fréchet differentiable, its first differential F'(c)h = u’(c)h := n in direction
h € L?(R) is the solution of the problem

—An+cn=—hu(c) InQ

n=0 onoJQ, ®
and its second derivative in direction (i, h1) € L?(R2) x L?(2)

W"(Oh, hy) == E(h, hy) := &
is the unigue solution of the problem

— AE +cE = —h@W'(c)hy) — hi(u' (c)h) InQ )

E§=0 ono.

Sinceu € H*(Q),n =1,2,3,u € L*(R). It follows that hu € L?(S2). Hence,
n € H2() N Hy(Q). Analogously, & € H2(2) N Hy ().
It is clear now that J is twice continuously Fréchet differentiable and
J'()h = (W' (c)h, u(c) — z2) (10)
and
(J"(©h, h) = [lu'(©h]* + (u(c) — z, " (©)h, h)). (11)

Here and hereafter (-, -) and || - || are the inner product and norm in L?(<2), respect-
ively.

Now we estimate (J”(c)k, h). In doing so, we note that, since n € {1, 2, 3}, for
any ¥ € H?(RQ), there is a constant k; depends only on  such that (see, e.g. [14,
p. 38-39])

I llLe@ < killYllm2e)- (12)
Hence, from (8), (4) and (12),
lu' (Oh| < kllhu(c)]|
< kllu(e) el
< kkgllu(o) |l g2 1Al
< Kk RIA]. (13)
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Further, the last inequality and (9) yield

/

@ (©)h, W < 2k||h@'(c)h)]|
2k|lu’ ()R | Lol
2kky|lu' ()|l g2y 1A
23KER |12

NN N

Thus,

1(J"()h, )| < KRR ||RI? + 2KPKERUR + llzID 1A%
Hence, with

o = k*ER? 4 22K R (KR + |zIl) (14)
the functional

J(@ + Slel’

is convex. Thus, the functional J,(c) is d.c., since we can represent it as the differ-
ence of two convex functions, for example,

Jale) = Zlel? = (Sl = I @) = Slel). (15)

REMARK 2.1. In many cases we can estimate the sup-norm of the solution of a
boundary value problem for elliptic equations by the maximum principle so that
the upper bound for ||J”|| can be easier obtained.

To apply DCA (see Section 3)) to our problem we need also a convenient rep-
resentation for J'(c). It can be seen from (10) that J'(c)h = ((u'(c)*)(u(c) —2z), h).
We prove that in fact

J'(c)h = —/ u(c)ph dx, (16)
Q

where ¢ be the solution of the adjoint problem

—Ap+cp=u(c)—z inQ

=0 on 0%2. (17)

This may have already been proved somewhere else, however, for completeness
we outline a proof here.
First, we note that ¢ € H?(Q) N H} (L), and

lellnz@) < kllu(e) —zll < k(KR + [1zID). (18)
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For h € L3(Q) N L>®(R), set
v=u(c+h)—u().
We have
v=u(c+h)—u(c) =u'(c)h +r,
where r :=r(c, h) and

i Irl
Iall—0 ||| '

Besides, v € H2(Q) N HZ(L) is the unique solution of the problem

—Av+cv=—hu(c+h) iInQ

v=_0 on o0f2. (19)

It easily follows
1
Jc+h) —J() = (u(c)—z,v>+§||v||2
1 0
= —/u(c—l—h)(phdx—i-—llvll
Q 2
1
= —/(u(c)—{—u’(c)h—i—r)(phdx—i—illvll2
Q

= —/ u(c)(phdx—/((u’(c)h)—l-r)goh dx+1||v||2.
Q Q 2

Routine estimates yield

Jc+h)—J() = —/ u(c)phdx + o(||k|]).
Q

On the other hand, from (18), (4) and (17) we have

I—/u(c)wthI < lellie@llull - 17l
Q

killgll gz lu (ol - 1Al
Kk (kR + zIDRIIA].

NN

Thus, (16) is proved.

3. DCA and branch-and-bound method

To solve (7) numerically we have to work with its finite-dimensional setting. For
example, suppose that for any given ¢ € C with some discretization method we
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can approximate the solution of the direct problem (3) via uj, uz,... ,u, and
the solution of the adjoint problem (17) via ¢1, ¢z, ... , ¢,. (We note that (7) and
(17) of the same type, so to solve them numerically, we can use the same code).
Suppose further that this discretization method approximates ¢ with the aid of
[c] = (c1, ¢p, ..., c,) and the ¢; belong to C :={c: & < ¢ < &). The functional
J,, has now the form

1w .
L(le) = 5 D AiluidleD) =zl + 58 Y (e — ).
i=1 i=1

Here we use the symbol I for finite-dimensional functionalsand 8;,i = 1,2,... ,n
are some defined numbers, which depend on the discretization method.
The gradient of 1, ([c]) has the form

91, ([c] *
(Leh = —Biu;i([cDy; +aBi(ci — c).
Bci
Thus, we have a finite-dimensional (non-convex) optimization problem:
min{Z,([c]) : ¢ € C}. (20)

In this section we describe two approaches to solve a more general problem of
the form

a:=min{f(x):x € f[a;, bi], —00 < a; < b; <o0,i =1,2,... ,n},
(21)

where f is a real valued function that is not given in explicit form but a gradient
of f can be computed. In the next section we will show how our approaches work
for (20). Before going further we outline some notions in convex analysis for the
reader’s convenience.

We follow [27] for definitions of usual tools of convex analysis where functions
could take infinite values +o0. A function 6 : R* — RU{zo00} is said to be proper
if it takes nowhere the value —oo and is not identically equal to +oc. The effective
domain of 6, denoted by dom 6, is

domo ={x e R": 8(x) < oo}.

The “convex cone” of all lower semicontinuous proper convex functions on R”
is denoted I'o(R"). For g € TI'o(R™), the conjugate function g* of g is a function
belonging to I'y(IR") and defined by

8" (y) = sup{(x, y) — g(x) : x e R"}.

and we have g** = g.
Let g € T'o(R") and let x° € dom g, then dg(x°) stands for the subdifferential
of g at x° and is given by

9.8(x%) = H° e R" : g(x) = g(x%) + (x — 0, y0), ¥x € R"}.
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Further, by p(g) we denote the modulus of strong convexity of g,

p(g) =sup{p >0: g — (p/2)|.|I* be convex on R}.

3.1. ADCA SCHEME

In the first approach we follow the general scheme DCA introduced by Pham Dinh
Tao in [22] (see also [15, 18, 19, 25]) to solve the d.c. program

B = inf{f(x) := g(x) — h(x) : x € R"} (22)

Here f and g belong to 'y (R").
The dual program of the last is also d.c. ([24]):

B = inf{h*(y) — g*(y) : y e R"}. (23)

Here »* and g* are dual functions of z and g, respectively.

The DCA is a primal-dual subdifferential method based on the d.c. duality and
the local optimality. It consists in the construction of two sequences {x*} and {y*}
such that x**1 (resp. yX) is a solution to the convex program (P;) (resp. (Dy))
defined by

. Minimize g(x) — [h(x) + (x — x*, y¥)]

(Py) S.t. x e R"

5 Minimize h*(y) — [g*(Y<1) + (xk, y — yk=1y]
(D1) s.t. y e R :

In view of the relation: (Py) (resp. (Dy)) is obtained from (22) (resp. (23)) by
replacing & (resp. g*) with its affine minorization defined by y* € ah(x*) (resp.
xk e g*(y*~1)), the DCA yields the next scheme:

v e an(x®); X e agr(yh). (24)

By this way there hold ([15], [18], [24], [25])
(i) The sequences {g(x*) — h(x*)} and {A*(¥*) — g*(y*)} are decreasing and

o g(xMYH—nk) = g(x*) —h(x*) ifand only if y* € dg(x*)Non(xh),
y* € ag(Fth N an(xFt) and [p(g) + p(MW)]lx* ! — x*|| = 0.

o n*(yMH —g* (M = h*(y*) — g*(»*) if and only if x**1 € 9g* ()N
Ih*(yh), X1 e 9g* (Y N an*(y* ) and [p(g*) + p(AM)]IY* T —
yk|| = 0. DCA terminates at the k'" iteration if either of the above
equalities holds.
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(i) If p(g) + p(h) > 0 (resp. p(g*) + p(h*) > 0), then the series {||x*+1 —
x* 12} (resp. {lly*** — y*|1%}) converges.

(i) If the optimal value B of problem (Pq. ) is finite and the sequences {x*} and
{y*} are bounded, then every limit point x> (resp. y*°) of the sequence {x*}
(resp. {y*}) is a critical point of g — h (resp. h* — g*). (A point x is called a
critical point of g — h if dg(x) N dh(x) # 0).

(iv) If DCA converges to a point that admits a neighbourhood in which the ob-
jective is finite and convex, and if the second d.c. component of the objective
function is differentiable at this point, then it is a local minimizer for (Pgy..).

(v) DCA converges to a global minimizer for (Pyc) if f = g — h is actually
convex (f then is called “false” d.c. function).

The DCA was first introduced by Pham Dinh [22] and later developed in his joint

works with Le Thi, see, e.g. Le Thi [15], Le Thi-Pham Dinh [17, 18], Pham Dinh—

Le Thi [24, 25] and references therein. It is actually one of a few algorithms in the

local approach which has been successfully applied to many large-scale d.c. optim-

ization problems and proved to be more robust and efficient than related standard
methods. For all details of the DCA we refer the reader to the just mentioned
references.

It is well known that Tikhonov’s functional (2) is strongly convex in a neigh-
borhood of a solution ¢y, so if we start our DCA in an appropriate subset of
this neighborhood, we can get a global solution. However, it is hard to find this
neighborhood, and since DCA is a local method for global optimization, we shall
combine it with the branch-and-bound technique to find global solutions of the
problem.

To solve (21) by DCA we first take a p > 0 such that p/2||x||>— f (x) is convex.
Such a p always exists when £ is twice continuously differentiable (see (14), (15)).
We then decompose the function f in the form

Pz (P2
f) =l (2||x|| f).

It is easily seen that with this d.c. decomposition DCA applied to (21) yields the
sequence

. 1 .
ka = PI’OJH'{[,;[-,],[.] (xk — ;§k> s with fk € Bf(xk)

Here Projn»f[a,.,bi] is the orthogonal projection into the box ITf[a;, b;]. Immediate
advantages of this algorithm are: (1) it works when the function f is not given
in an explicit form, and (2) the projection of a point onto a box is explicitly and
inexpensively computed. The algorithm can be described as follows:
Algorithm 1 (DCA for (21)):

Let x° be a point in R” and ¢ be a sufficiently small positive number. Set er <«
e+1,k<«0

Dowhileer > ¢
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Compute &, € df (x¥). Set
Y= pxt =&, with & € 9f (")
and
X = Projrega,.60 "/ p).-

er < ||xFt —xF|l,k+1 <k
end do
We note that if f is differentiable, then & is nothing other than V £ (x).

3.2. A BRANCH-AND-BOUND ALGORITHM
3.2.1. Lower bound

In the bounding procedure we relax the objective function, knowing that it is
not given in an explicit form. As above we suppose that f is twice continuously
differentiable.

To compute a lower bound of f over a subrectangle B = {x : r; < x; < 73,

i =1,...,n}wefind a convex minorization of f over B as follows. We express
f by another d.c. decomposition:

) = (FIx12 4+ £0) = Sl = g(0) = hw),

and then approximate the concave function —# in B by its convex envelope over B
which is actually affine. The last, in fact, is —I(x), where

n

) =Y Lix)=) g[(g + )X — 1,77 = h(x).
i=1

i=1

The function
Fo = (SIx12 4+ £0) = Pl
i=1

is convex and f(x) < f(x) in B. A lower bound 85 of f on B can be determined
by solving the convex program

B :=min{f(x) : x € B}. (25)
Since f is not explicitly defined, we can use the projection gradient method ([26])
to solve (25):

X+ = Proj (xk _ Sknk) . 8 — 0, Z(Sk = 400 (26)
k=0
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where ¥ is the gradient of 7 at x*. However, this method converges rather slow.
We shall use DCA instead. To this end, we represent f in the form

. 2p P S
Foo == Ixl = <5||x||2 — fx) + Zh(x») :

i=1

DCA applied to the last has the form
1 n
2+ = Projg (x" - 5(/»#‘ —VfEh+ ; g(gi + r—,»)el-) :

(e; being the i™ vector of the canonical basic of R”).

3.2.2. Upper bound

At each iteration one may update the upper bound by computing g(x?) — h(x5),
where x? is an optimal solution of (25). However, one can obtain a better upper
bound by using the DCA. In fact, if x? is the best current feasible point, then the
DCA starting with x2 can provide a better feasible point. This is guaranteed by the
fact that the DCA generates the sequence {x*} such that {(g — &) (x*)} is decreasing
(see, e.g., [23, 25]).

3.2.3. Branching operation

Exploiting the special structure of the feasible set we use the rectangular subdivi-
sion for branching. Rectangular subdivision procedures play an important role in
branch-and-bound methods. The approach of Phillips-Rosen (see also Kalantari-
Rosen [7]) uses exhaustive subdivisions, i.e., any nested sequence of rectangles
generated by the algorithm will tend to a single point. In Horst-Tuy [10] a concept
of “normal rectangular subdivision” was introduced for the class of separable con-
cave minimization problems that includes the Kalantari-Rosen approach and a
subdivision proposed earlier in Falk-Soland [6]. In this paper we use the adaptive
bisection introduced in [17]. More precisely, let B, = {y : I¥ < y; < L} be the
rectangle selected for subdivision. Choose an index i, satisfying

it € arg max{l (x*) — hi(x*)}
and subdivide B, into two subrectangles

By ={y € By:x; < xifk}, Bio ={y € By : xj, > xfk}'
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3.2.4. The combined DCA-branch-and-bound algorithm (BBDCA)

I nitialization.
Set By := B
Solve the convex problem (by Projection subgradient method (26))

Bo := min{f(x) : x € By}.

to obtain an optimal solution x 20 and a lower bound of the optimal value «.
Solve Problem (21) by the DCA from the starting point x% to obtain an upper
bound y, and a feasible point x°.
If yo — Bo < elyol, then stop < true, x° is an e- optimal solution of (21)
esestop < false
endif
Set R < {By}, k < 0.
Whilestop = false do
Select a rectangle B, € R such that g, := B, = min{Bz : B € R}.
Bisect By into By and By, by the adaptive rectangular subdivision.
Solve Problems (CPX) (i=1,2)

(CP*) Ba, = min{f(x) : x € By}

to obtain B(By;) and x5+

If xBx is the best point, i.e., f(x5) < y;_1, then update the upper bound y; by
applying the DCA to problem (21) from the starting point x5

Let x* be a point in K such that £ (x*) = y;.

Set R < RU{By; : B(Ru) < yi —elyil, i =1, 21\{By}.

If R =0, then stop < true, x* is an e-optimal solution.

elseSetk < k + 1.

endif

endwhile

THEOREM 3.1. (Convergence of BBDCA). (i) If the algorithm terminates at the
iteration k, then x* is a global optimal solution to problem (21). (ii) If the algorithm
is infinite, then it generates a bounded sequence {x*} every accumulation point of
which is a global optimal solution of (21), and

Ve N, B/ a.

4, Numerical test

Consider the system

—Uyy + C()C)M = f(X) in (O’ 1),

u(0) = u(l) =0, (27)
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where f is L%(Q). The coefficient c(x) is to be found from a noisy observation
z=u e L*(Q) of u:

lz —ullp20,1) < €.

Suppose that C := {0 < ¢; < ¢ < ¢z} We shall minimize
1@ = @) ~ 2, + Flle — ¢ gy
over C with u(c) being the solution of (27). As it has been proved in section 2 that
(see (16))
Jo(©) = —u@)p +alc — ¢,
where ¢ is the solution of the adjoint problem

—@ux +c(xX)e =u(c) —z in(0,1),
¢(0) = ¢(1) =0.

To solve the above optimization problem we simply use the finite difference
method. We divide the interval [0, 1] into » equal subintervals: xg = 0,x; =
h,...,x; = ih,...,x, = 1, where h = 1/n. The finite difference scheme for
(27) takes the form

(28)

CUip1 — 22U +uig
h2

ug =u, = 0.

+cu;=f, i=12,...,n—1 (29)

Here we denote g; = g(x;) for any function g defined on [0, 1]. And the discrete
version of J, is

1 n—1 n—1
L(le] =5 Y lug(le]) =z + 5 Y hie; — )
i=1 i=1

Here, we denote [¢] = (c1,¢2, ... , Ch1).
The discrete adjoint problem is

il = Zh";f YOty g =ui(c) —zi, i=12,....n—1
Yo = ¢Yn = 0.

(30)

The gradient of 1, ([c]) can be represented by

1o ([c])
aCl'

= —huj¢; +ah(c; —c’),i=1,2,... ,n—1

Thus, to find the gradient of I,([c]), in every iteration we have to solve two
direct problems (29) and (30).
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Figure 1. First example: exact solution ¢ = 1, “x * x” for ¢* = x, “— — =" for ¢* = 1.1,

noise level e = 10~3, CPU time < 1 min.

In the first test we take c(x) = 1, u(x) = sin(wrx) and f = (72 + 1) sin(x).
In the second test we take c(x) = 1 + x2, u(x) = sin(wx), and f = sin(wx)(1 +
x? + ?). The data z is u + € sin(nzx). The noise level € in the both tests is 1073,
and the dimension of discretization is n = 25.

The numerical results for these two examples are presented below. Our code was
written in FORTRAN 77 and run on a SUN-SPARC 20. We took ¢ = 10~ and
e = 1072 in Algorithm 1 (DCA) and Algorithm BBDCA, respectively. DCA gives
in the most cases an optimal solution: the optimale value given by DCA is very
near zero and so we need not branching operation anymore. And the algorithm is
very fast, the CPU time of our algorithm in all cases is not greater than one minute.
Although numerical results are very good, we observed that the choice of the guess
function ¢* is crucial in the quality of the numerical results. A bad guess may lead
to bad numerical results. Thus, suggestions from the real world practice are quite
important in solving inverse problems (Figures 1 and 2).

5. Conclusions

We have suggested a useful method for solving an inverse problem for elliptic
equations which is well known to be non-linear and ill-posed. From our numerical
tests it seems to be quite efficient. The method is based on the standard Tikhonov
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Figure 2. Second example: exact solution ¢ = 1+ x2, “...” for ¢* = 1.2 + x2, “+ + 4" for
c*=14+x2,“— — —"forc* = 1.1+ x2, noise level e = 10~3, CPU time < 1 min.

regularization method but in a further step: globally solve non-convex optimization
problems in Tikhonov’s regularization method which is a d.c. program. Such kind
of non-convex optimization problems has been very little studied in the inverse
problems community and there only only local methods are applied. Our aim is
to fill this gap in the literature. The DCA seems to fit well to many other non-
linear ill-posed problems, say non-convex quadratic problems ([20]), Hammerstein
equations, autoconvolution equations, bilinear inverse problems, etc ([21]).
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